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ABSTRACT 

Accurate prediction of inflow suspended sediment concentration is a critical prerequisite 

for the effective management of sedimentation in dam reservoirs. However, most existing 
approaches rely on classical formulations that are not predictive by construction and 

suffer from fundamental conceptual and numerical limitations. In particular, widely used 

log-scale models introduce an arbitrary offset parameter to circumvent the 

indetermination of the logarithm at zero concentration, implicitly merge zero-transport 

and active-transport conditions into a single regime, and induce bias when back-

transforming predictions to the physical concentration scale. Likewise, traditional 

sediment rating curves of the form C = aQb lack dimensional homogeneity, provide no 

probabilistic interpretation, and are unable to represent the intermittent, event-driven 

nature of sediment transport. 

This study develops a new probabilistic two-regime governing model for predicting 

inflow suspended sediment concentration that explicitly addresses these shortcomings. 
The proposed framework is derived from first principles by recognizing that sediment 

time series exhibit two physically distinct regimes: (1) a zero or negligible transport 

regime, and (2) an active transport regime characterized by strictly positive 

concentrations. The occurrence of zero sediment is modeled probabilistically through a 

Bernoulli process, whose probability is linked to hydrometeorological predictors via a 

logistic formulation. Conditional on active transport, sediment magnitude is modeled 

using a positive-regime formulation based on an inverse hyperbolic sine transformation, 

which behaves linearly at low concentrations and logarithmically at high concentrations 
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while remaining well-defined at zero without introducing any arbitrary correction 

parameter. 

The resulting predictive model combines the probability of occurrence and the conditional 

sediment magnitude into a single closed-form forecast expressed as a probability-

weighted expectation. All model components are derived explicitly, parameters are 

estimated through well-defined likelihood-based or least-squares procedures, and the 

scale parameter governing the transformation is shown to have a clear physical 

interpretation. A fully worked numerical example demonstrates the transparency, internal 

consistency, and practical implementation of the proposed approach. 

Compared to classical log-scale and rating-curve methods, the new two-regime model 
offers several decisive advantages: it removes the need for ad hoc numerical fixes, 

preserves dimensional consistency, separates occurrence and intensity mechanisms, 

provides a probabilistic interpretation of predictions, and directly targets future sediment 

concentration at a specified lead time. The proposed framework therefore constitutes a 

robust and physically consistent alternative for predictive sediment modeling and 

reservoir sediment management. 

Keywords: Inflow suspended sediment concentration, Reservoir sedimentation, Two-

regime predictive model, Probabilistic sediment modeling, Sediment occurrence 

probability, Bernoulli-logistic model. 

INTRODUCTION 

Sedimentation remains one of the most critical long-term challenges affecting the 
sustainability, safety, and operational efficiency of dam reservoirs worldwide, especially 

in arid and semi-arid regions (Remini and Bensafia, 2016; Achour et al., 2024; Chadee et 

al., 2024). Once sediment enters a reservoir, it progressively reduces storage capacity 

(Benfetta et al., 2016), alters hydraulic performance, compromises flood control (Abd 

Rahman et al., 2023; Zegait and Pizzo, 2023; Baudhanwala et al., 2023; Ben Said et al., 

2024; Ezz, 2025; Do et al., 2025; Athmani et al., 2025), and shortens the effective lifespan 

of hydraulic infrastructure (Mezenner et al.; 2022; Mehta et al., 2023; Verma et al., 2023; 

Panchal and Suryanarayana, 2025). Accurate prediction of inflow suspended sediment 

concentration therefore constitutes a central requirement for reservoir sediment 

management, sediment routing operations, and strategic planning (Remini, 2010; Remini, 

2017; Bougamouza et al., 2020; Remini, 2022). 

Early foundational work established sediment continuity principles linking sediment 

inflow, deposition, and storage loss in reservoirs (Remini, 2003; Remini and Toumi, 

2017; Remini et al., 2019; Toumi an Remini, 2020). Classical formulations express 

sediment mass flux as the product of discharge and suspended sediment concentration, a 

standard representation in sediment monitoring and hydrosedimentology (Walling, 1977; 

USGS, 2006). These concepts were later embedded within sediment budget frameworks 

that account for inflow, outflow, and deposition processes (Graf, 1984; Morris and Fan, 

1998). Relationships between sediment mass, bulk density, porosity, and deposited 
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volume were formalized through soil and sediment mechanics (Terzaghi et al., 1996), 

enabling the conversion between mass-based and volume-based sediment estimates 

(Bear, 1972; Morris and Fan, 1998; Chadee et al., 2023b). 

Subsequent studies incorporated these relationships into operational sedimentation 

forecasting and reservoir capacity loss estimation (ICOLD, 1989; Palmieri et al., 2003; 

Annandale, 2013). These approaches are now standard in long-term reservoir sediment 

management and planning studies, where sediment inflow constitutes a key driving 

variable. 

At the river and catchment scale, suspended sediment concentration has traditionally been 

related empirically to hydrological variables. Classical sediment rating curves express 
sediment load or concentration as a power-law function of discharge, typically written in 

the form C = aQb (Walling, 1977; Asselman, 2000; 2024; Mehta et al., 2021). Similar 

power-law relationships have been developed between turbidity and suspended sediment 

concentration (Lewis, 1996; Sutherland et al., 2000). For calibration purposes, these 

nonlinear relationships are commonly linearized using logarithmic transformations, 

allowing parameter estimation through ordinary least squares or related regression 

techniques (Helsel and Hirsch, 2002; Montgomery et al., 2012). 

Although widely applied, these formulations suffer from important conceptual 

limitations. Power-law rating curves are not dimensionally homogeneous, implicitly 

assume stationarity, and are unable to represent the highly intermittent and event-driven 

nature of sediment transport (Mehta et al., 2024; Mehta et al., 2017). Moreover, 
logarithmic linearization requires ad hoc numerical adjustments to handle zero or near-

zero concentrations, an issue that has persisted for decades in sediment modeling practice. 

The logarithmic transformation of suspended sediment concentration has been 

extensively adopted to stabilize variance, reduce skewness, and facilitate Gaussian error 

assumptions in regression and forecasting models. In this classical framework, sediment 

concentration is never modeled directly; instead, a log-transformed variable is introduced, 

calibrated, and subsequently back-transformed to recover concentration values. 

While effective in certain contexts, this approach introduces several well-documented 

issues: (1) the need to introduce an arbitrary offset parameter to avoid the indetermination 

of the logarithm at zero concentration, (2) the implicit and uncontrolled treatment of zero 

sediment events, (3) systematic bias introduced during back-transformation, particularly 
at low concentrations, and (4) the assumption that zero transport and active transport 

belong to a single continuous regime. These limitations are not merely numerical 

inconveniences; they reflect a deeper conceptual mismatch between model structure and 

sediment transport physics. 

More recently, data-driven and machine-learning approaches have been introduced to 

predict sediment concentration and sediment load, often using nonlinear regressors, 

neural networks, or other flexible function approximators (Karpatne et al., 2017). These 

models can capture complex nonlinear relationships but frequently lack physical 

interpretability and may violate fundamental sediment continuity principles if 

unconstrained. 
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To address this, hybrid approaches combining data-driven components with physical 

constraints have been proposed, including physics-informed loss functions and hybrid 

sediment transport closures (Raissi et al., 2019; Reichstein et al., 2019). In parallel, 

morphodynamic theory continues to rely on sediment continuity equations, such as the 

Exner equation and its simplified forms, to describe bed evolution and sediment transport 

processes (Parker, 2004; Wu, 2007). While powerful, these formulations typically require 

sediment concentration as an input rather than predicting it explicitly. 

Despite the breadth of existing work, a fundamental gap remains: most available 

approaches are not predictive by construction with respect to inflow suspended sediment 

concentration. Classical log-scale models are transformations rather than governing 
equations; rating curves lack probabilistic meaning and dimensional consistency; and 

many machine-learning models focus on fitting rather than explicitly addressing the dual 

nature of sediment occurrence and magnitude. 

Measured sediment time series exhibit two qualitatively distinct regimes: (1) periods of 

zero or negligible transport, corresponding to low hydrological forcing, and (2) periods 

of active transport characterized by strictly positive concentrations driven by rainfall-

runoff-erosion processes. Treating these regimes within a single continuous model 

inevitably leads to conceptual ambiguity and numerical artifacts. 

In response to these limitations, the present study introduces a new probabilistic two-

regime governing model for predicting inflow suspended sediment concentration to dam 

reservoirs. The proposed framework explicitly distinguishes between sediment 
occurrence and sediment magnitude. The zero-transport regime is modeled 

probabilistically using a Bernoulli formulation, while the positive-transport regime is 

described through a physically interpretable transformation that remains well-defined at 

zero without introducing any arbitrary numerical correction. 

The model is derived systematically from first principles, leading to a closed-form 

predictive expression that combines the probability of occurrence and the conditional 

sediment magnitude into a single forecast at a specified lead time. Unlike classical 

approaches, the proposed model directly targets inflow suspended sediment 

concentration, preserves dimensional consistency, avoids ad hoc parameters, and 

provides a clear probabilistic interpretation. 

The objective of this work is therefore to develop, derive, and demonstrate a robust and 
physically consistent predictive framework that overcomes the conceptual and numerical 

limitations of existing methods and offers a sound basis for reservoir sediment 

management and operational decision-making. 

Classical Log-scale model 

The present work develops an advanced predictive model that overcomes the limitations 

of classical approaches traditionally employed to represent inflow suspended sediment 

concentrations to dam reservoirs. The “ancient” (classical) model in the literature 

expressed as follows: 
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( ) ( )in
ln Cy t t = +             (1) 

is not a predictive model by itself. It is a variable transformation that has been extensively 

used in the literature on: (1) sediment transport modelling, (2) hydrological time-series 

analysis, (3) environmental regression and forecasting, (4) geophysical and geochemical 

data analysis. This transformation converts the measured inflow suspended sediment 

concentration Cin(t) into a new variable y(t) defined on the logarithmic scale.  

This formulation has been used for more than four decades because: (1) sediment 

concentrations are strictly nonnegative, while many statistical models assume real-valued 
variables, (2) sediment data often exhibit: strong right skewness, high variance, and 

multiplicative variability, (3) the logarithmic transformation stabilizes variance, reduces 

skewness, and makes linear regression and Gaussian assumptions more plausible. 

It is worth noting that the constant ε > 0 is introduced in Eq. (1) solely to avoid the 

following mathematical indetermination that occurs in the case where Cin(t) = 0:  

( )0ln  

Is undefined. 

This approach appears in classical sediment rating curves, log-linear regression models, 

and early AI/ML sediment predictors. 

In addition, importantly, ε has no physical meaning in sediment transport theory: It is not 

a threshold concentration, it is not related to erosion mechanics, grain size, or hydraulics, 

and it does not correspond to measurement resolution in a rigorous way. Its value is 
usually chosen arbitrarily, e.g., 10−6 ≤ ε ≤ 10-2, or a fraction of the minimum observed 

concentration, and different choices of ε lead to different predictions, especially at low 

concentrations. 

Eq. (1) should be read as follows: “The sediment concentration is modeled indirectly by 

first transforming it into a logarithmic variable y(t), which is then assumed to behave more 

regularly and be easier to predict.” 

In addition, in this classical framework, the actual modeling is done on y(t), and the 

predicted concentration is recovered by exponentiation as follows: 

( ) ( )in exp[ ]C t y t 
 

= −           (2) 

The symbol “ ^” (called a hat) has a precise and standard meaning in statistics. A quantity 

written with a hat denotes an estimate or prediction produced by a model, as opposed to 

a directly measured physical quantity. Thus, the following can be written: 

( )y t


 

is the model-predicted value of the log-transformed sediment variable y(t), and 

( )inC t

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is the estimated (or forecasted) inflow suspended sediment concentration, obtained after 

inverse transformation. 

The hat emphasizes that these quantities are model outputs, subject to uncertainty, and 

not direct observations. 

Accordingly,  

( )y t


 

represents the predicted value of a transformed variable, not a physical sediment 

concentration. It has: (1) no physical units, (2) no direct physical interpretation in 

sediment mechanics, (3) meaning only through its inverse transformation back to 

concentration. In practice, it is obtained from a calibrated regression, time-series model, 

or machine-learning predictor operating on the log scale. 

The variable y(t), expressed by Eq. (1), has several standard names, depending on 

discipline and context. In high-level scientific writing, y(t) is called Log-transformed 
suspended sediment concentration, Logarithmic sediment concentration, Log-

transformed response variable, or Log-scale sediment concentration. These are the most 

accurate and widely accepted terms. It is crucial to emphasize that y(t) is not a physical 

quantity measured in nature; it is a mathematical construct introduced to facilitate 

modeling; Its meaning is “A transformed representation of sediment concentration 

intended to linearize relationships, stabilize variance, and enable classical statistical 

modeling.” 

In the literature, y(t) is assumed to satisfy a model of the following general form: 

( ) ( ) ( )[ ; ] yy t f t t = +x           (3) 

where: 

y(t) is the Log-transformed suspended sediment concentration expressed by Eq. (1). 

( )tx is the vector of known predictors at time t, e.g. precipitation, discharge, antecedent 

rainfall. 

f (⋅) is a chosen model structure. 

θ is a vector of unknown model parameters. 

( )y t is a random error term. 

The parameters θ are identified by calibrating the predictive model against historical 
sediment observations, using an optimization criterion that adjusts the parameters so as 

to achieve the best agreement between predicted and observed values. In the literature, 

the formula used to compute θ is called: an estimator, more specifically a parameter 

estimator, an estimation rule, or an estimation rule. When the classical approach is used, 

it is most often referred to as a least-squares estimator, or a maximum likelihood 

estimator, under Gaussian error assumptions. 
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Although well-established, the model expressed by Eq. (1) has known limitations: (1) 

Arbitrary choice of ε, so different values of ε can lead to different predictions, (2) Implicit 

handling of zero sediment events, so that zeros are not modeled explicitly; they are 

“patched” numerically, (3) Bias at low concentrations, so that the back-transformation 

[exp (⋅) – ε] introduces bias, (4) Single-regime assumption as the model assumes one 

continuous process, while sediment dynamics are often multi-regime. 

Thus, one may write that, in the classical framework, Cin(t) is never predicted directly. 

Instead, the procedure is as follows: (1) Transform the observed concentration using Eq. 

(1), (2) Build and calibrate a predictive model for y(t), not for Cin(t), (3) Compute a 
predicted value y^(t), (4) Recover the concentration by inverse transformation, using Eq. 

(2). 

Thus, determining y(t) means estimating it through a statistical or data-driven model, 

typically as a function of hydrological predictors such as precipitation, discharge, or 

antecedent conditions. In addition, in the literature, y(t) is usually determined by assuming 

a functional relationship of the following form applied on the log-transformed scale: 

linear regression, log-linear rating curve, log-linear rating curve, autoregressive model, 

or, more recently, a machine-learning regressor. In other words, y(t) is treated as a 

response variable whose value is inferred from explanatory variables through a calibrated 

model. The calibration is performed using historical data by minimizing a loss function, 

most often least squares, implicitly assuming that errors on the y-scale are approximately 

Gaussian. 

In Eq. (2), ε reappears explicitly in the subtraction which has several consequences: 

(1) Bias at low concentrations  

The back-transformation is nonlinear, and subtracting ε induces systematic bias, 

particularly when y^(t) is small. 

(2) Artificial negative values 

 For small predicted  

( )y t


 

the term ( )exp[ ]y t 


−  

may become negative, requiring further ad hoc truncation. 

(3) Implicit treatment of zero sediment 

Zero sediment concentrations are not modeled explicitly; they are reconstructed 

indirectly through numerical manipulation. 

Thus, Eq. (2) should therefore be interpreted as follows: 

The predicted inflow suspended sediment concentration is obtained indirectly by 

exponentiating a predicted log-transformed variable and subtracting an arbitrary 

numerical constant introduced to bypass the logarithmic indetermination at zero. 

This confirms that Eq. (2) is not a governing physical equation, but a numerical 

reconstruction formula. 
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Authors’ new two-regime “zero-or-positive” governing model 

This is the stronger model because it handles a key reality: in measured sediment series, 

zeros, or effectively-zero, often occur and are qualitatively different from positive 

sediment events. 

Suspended sediment concentration time series typically have two fundamentally different 

behaviors: 

(a) No transport / negligible transport; concentration is exactly zero (or reported as zero), 

and physically corresponds to low rainfall, low runoff, no erosion. 

(b) Active transport; concentration is strictly positive, and physically corresponds to 

rainfall-runoff-erosion processes. 

These two behaviors are not just different magnitudes of the same process; they are 

different physical regimes. If one tries to describe both with one single regression 

equation, we force the model to: average “no transport” and “active transport”, distort 

low values, and rely on artificial fixes such as adding ε. 

Target and time indexing 

Definition 1 (measured target) 

( )in
C t   

Definition: Inflow suspended sediment concentration. 

Units: [kg/m3]. 

Meaning: Mass of suspended sediment per unit water volume entering the reservoir. The 

inflow suspended sediment concentration Cin(t) governs the magnitude and timing of 

sediment inflow; its strong temporal variability and event-driven behavior make it the 

primary focus in sediment management. The effectiveness of sediment routing operations 

depends primarily on anticipating peaks in Cin(t) rather than peaks in discharge alone.  

Practical determination: Turbidity sensors calibrated with bottle samples; automatic 

samplers during floods; sometimes satellite turbidity proxy with calibration. 

Definition 2 (forecast target) 

( )inC t 


+  

Definition: it is the predicted inflow suspended sediment concentration at time (t + τ), 

using information available up to time t. 

Units: [kg/m3]. 

Meaning: Forecast used to trigger and schedule sediment-routing operations. 

Definition 3 (lead time) 

day1 =  

Meaning: information available at day t is used to predict the value at day (t + 1); so “next-

day concentration” means 
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( )in
1C t +  

is the concentration one day after time t. Example: if t = 3, then the “next day” is (t+1)=4. 

Predictors and feature vector 

We choose predictors available at time t. 

Predictor variables 

Definition 4 (precipitation) 

( )P t  

Definition: Precipitation intensity (or flow depth per time step) over the catchment at time 

t. 

Units: commonly [mm] per Δt , [mm/h], or [mm/day].  

Meaning: Primary storm forcing driving runoff and erosion. 

Practical determination: Rain gauges, weather radar, satellite precipitation (e.g., Global 

Precipitation Measurement, GPM), or meteorological forecasts. 

We consider the dimensionless index k as an integer index used for lagged/antecedent 

variables. It counts discrete time steps backward in time, e.g., “k = 1” means one time 

step ago. It is used to build antecedent rainfall or discharge indices such as what follows: 

( )
K

k
P t k t−            (4) 

K is the dimensionless maximum number of lags included in an antecedent index. It 

defines the “memory length” of catchment wetness used as a predictor for sediment. 

It is selected by hydrological reasoning (typical soil moisture memory) and validated by 

model performance (cross-validation). 

Definition 5 (antecedent precipitation index) 

To represent “antecedent wetness” in a single scalar, we define an antecedent 

precipitation index Pant(t) as a weighted sum of recent rainfall. Because k is the “lag 

index” and K is the “maximum number of lags”, we must define how past rain enters. A 

standard, physically motivated choice is a weighted sum of past rainfall, where recent 

rainfall counts more: 

( ) ( ) ( )ant

1

2
1 2P t P t P t= − + −           (5) 

This is a specific “two-lag” construction, so K = 2; the weight 1/2 means “rain two days 

ago contributes, but less than yesterday’s rain”; this is a definition, not a theorem: we 
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define it to operationalize the “antecedent” concept implied by lag notation. it specifies 

exactly how past rainfall is summarized. 

Feature vector 

Definition 6 (feature vector) 

( ) ( )

( )ant

1

Pt

P t

t

 
 

=  
 
 

x           (6) 

The first entry is the constant 1 so the model can learn a baseline (intercept). The 

remaining entries are the predictors we selected. 

In the numerical example reported later, the authors will use the simpler feature vector to 

keep computations completely transparent; it reads as follows: 

( ) ( )1,
T

Pt t=   x           (7) 

The full three-feature case, expressed by Eq. (6), is identical in method, only longer in 

arithmetic. 

The earlier Eq. (1) form is widely used, but it introduces a tuning constant ε whose value 
can bias small concentrations. The authors’ “strong” alternative avoids any ε by explicitly 

modeling two physical regimes: (1) zero sediment, or zero reported by measurement, (2) 

positive sediment, or real transport events. 

The strong two-regime governing model 

Zero indicator variable 

Definition 7 (zero indicator) 

( )
( )

( )

in

in

1, 0

0, 0

C

C

t
Z t

t

=
= 



          (8) 

This definition introduces a binary indicator variable that classifies each observed 

sediment concentration at time t into one of two physically distinct regimes. Z(t) is, by 

construction, a Bernoulli random variable. More precisely, Z(t) is as follows: 

( ) ( )BernoulliZ t t           (8a) 

where 

( ) ( ) ( )in
0C ttt = =  x         (8b) 
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is the probability that the inflow suspended sediment concentration is zero at time t, 

conditional on the predictors available at the same time. Accordingly, the following can 

be written: 

( ) ( )1Z t t= =   , and ( ) ( )10Z t t−= =             (8c) 

Thus, Z(t) is a binary stochastic variable taking values in {0, 1}, fully characterized by 

the single probability parameter π(t). The zero indicator Z(t) encodes a physical regime 

classification such as writing the following: (1) Z(t) = 1: zero-transport (inactive) regime, 

corresponding to hydrological conditions under which sediment is not mobilized and no 
suspended sediment enters the reservoir, (2) Z(t) = 0: positive-transport (active) regime, 

corresponding to rainfall-runoff-erosion conditions that generate sediment transport. 

Importantly, these two cases are not simply low and high values of the same process; they 

represent qualitatively different sediment dynamics. 

In short, the binary variable Z(t), defined in Eq. (8), is a Bernoulli indicator that identifies 

whether inflow suspended sediment concentration is zero or positive at time t, thereby 

enabling an explicit separation between sediment occurrence and sediment magnitude. 

Thus, from Eq. (8c), the following can be written: 

Z = 1 means the concentration is exactly zero, and Z = 0 means it is strictly positive. 

Probability of zero sediment 

Definition 8 (probability of zero at forecast time) 

( ) ( ) ( )rP [ 1 ]t Z t t  + = + = x           (9) 

This is the probability that the future concentration equals zero, conditioned on predictors 

at time t. It must lie in the interval [0, 1], and it represents the likelihood that sediment 

concentration is zero at time (t + τ). At the same time, the predictors  

( )tx  

(rainfall, discharge, antecedent conditions, etc.) combine additively and continuously in 

physical processes. Definition 9 (probability of positive sediment) 

( ) ( ) ( )r1 P [ 0 ]t Z t t  − + = + = x         (10) 

This is the probability that the future concentration is positive. 

Logistic model for π (t + τ) 

The authors introduce a real-valued score as follows: 

( )t +
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 and map it to a probability with the logistic function. It is a latent activation variable that 

aggregates the effect of predictors on the probability of zero sediment. 

Definition 10 (linear score for zero probability) 

( ) ( )aTt t + = x         (11) 

where a
T

is the transpose of vector a which can be written as follows: 

0

1

a .
.
.

a

a

 
 
 

=
 
 
  

        (12) 

is a parameter vector. Thus, one may write the following: 

1 2a ...T
na a a =

 
      (12a) 

Definition 11 (logistic function) 

The logistic function is defined as follows: 

( )
1

1 uu
e

 −=
+

        (13) 

u is a latent activation variable (or linear predictor) that aggregates the influence of the 
physical predictors on the likelihood of an event, in our case, the occurrence of sediment 

transport. In your framework, the following can be written: 

( )aTu t= x       (13a) 

It is important to be explicit: u is not a measurable physical variable, u is not a probability, 
u is not a sediment concentration. Instead, it is an intermediate latent quantity introduced 

to connect physical forcing to probabilistic behavior. Although u is not directly 

observable, it has a clear physical interpretation: it represents the net “propensity” or 

“driving potential” of the system to activate sediment transport under the prevailing 

conditions. More concretely: (1) Large negative u means physical conditions are 

insufficient to mobilize sediment, i.e., sediment transport is very unlikely, (2) u ≈ 0 means 

that conditions are close to a threshold, that is to say sediment transport is possible but 

uncertain, and (3) Large positive u indicates conditions strongly favor erosion and 

transport, i.e., sediment transport is very likely.  
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Governing equation 1 for zero probability model 

( ) ( )
( )

1
[ ]

1 exp aT
t t

t
    + = + =

 + − x
        (14) 

The above equality should be read as follows: The probability of zero sediment at time (t 
+ τ) is a monotonic function of a latent activation variable that aggregates the effects of 

the physical predictors. It does not mean that sediment transport is deterministic, or that 

η is physically measurable. It means: It means: η represents how favorable conditions are, 

σ(⋅) converts favorability into probability. 

Positive regime model without ε 

A transform that is defined at zero 

We need a transform that behaves like a log for large values but is defined at 0 without 

adding ε. We use asinh, defined exactly below. 

Definition 12 (scale parameter) 

0s    (15) 

is a concentration scale (units kg/m3). It controls how strongly the transform compresses 

large values. In the example I reported below, we choose s = 1 kg§m3 for simplest 

arithmetic. The parameter s is a positive scaling constant that defines the reference 

magnitude used to normalize inflow suspended sediment concentration before applying 

the transformation in the positive-regime model. More explicitly, s has the same physical 

units as sediment concentration; it rescales Cin into a dimensionless quantity prior to 

transformation; it controls how rapidly the transformation transitions between linear and 

logarithmic behavior. 

The scale parameter s therefore determines the concentration level at which the model 

transitions from linear sensitivity to logarithmic compression. It represents a 
characteristic sediment concentration separating low-intensity transport from high-

intensity transport regimes. In practical terms, values of Cin below s are treated as low to 

moderate transport, while values above s are treated as high transport, where compression 

is desirable to avoid domination by extremes. Thus, s plays a role analogous to a reference 

concentration scale. 

Moreover, the scale parameter s plays three essential roles in the model: (1) Numerical 

stability as it prevents excessive compression or amplification of values in the 

transformed space, (2) Interpretability of coefficients by setting a meaningful scale, 

regression coefficients in the positive-regime mean model correspond to changes around 

a physically interpretable concentration level, (3) Replacement of ε; unlike the classical 

log-plus-epsilon model, s is not an arbitrary numerical fix but a structural scale parameter 

with physical meaning. 
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There are three legitimate strategies to determine s, depending on modeling philosophy: 

(1) Data-driven choice (most common), where s may be set equal to a characteristic 

statistic of the observed positive sediment concentrations, such as the median, geometric 

mean, or a lower quantile. This choice ensures a good balance between linear and 

logarithmic regimes, and a minimal distortion of both low and high concentrations; (2) 

Physically informed choice where s may be chosen to represent a physically meaningful 

threshold concentration, for example a typical background transport level or an erosion 

activation scale. This approach is suitable when domain knowledge is strong; (3) Fixed 

reference scale (simplification) where s may be fixed a priori to a convenient reference 

value to simplify interpretation and computation, provided that the chosen value lies 
within the range of observed concentrations. This is the approach adopted in the 

illustrative example. 

In the numerical example, we fixed s = 1 kg§m3. This choice was made deliberately and 

transparently, for the following reasons: (1) Pedagogical clarity: setting s = 1 removes 

unnecessary scaling factors and allows the reader to follow each numerical step without 

additional arithmetic complexity, (2) Unit consistency: with s = 1, the argument of the 

transformation remains numerically equal to the concentration value expressed in kg/m3, 

simplifying interpretation, (3) Representative magnitude: the example concentrations, 

ranging from approximately 1 to 4 kg/m3, are of the same order of magnitude as s, 

ensuring that both linear and logarithmic behaviors are demonstrated. 

Importantly, fixing s = 1 kg/m3 in the example does not imply that this value is optimal 

or universal; it is chosen solely for demonstration purposes. 

For readers, here are publication-ready formulations if needed: 

(1) The scale parameter s defines a reference concentration that governs the transition 

between linear and logarithmic behavior in the positive-regime transformation, thereby 

controlling the sensitivity of the model across different sediment transport intensities. 

(2) Unlike the arbitrary offset parameter commonly introduced in logarithmic 

transformations, the scale s has a clear physical interpretation as a characteristic sediment 

concentration and can be selected based on data-driven or physically informed criteria. 

(3) In the illustrative numerical example, s was fixed to 1 kg/m3 to simplify calculations 

and improve interpretability, without loss of generality. 

As a one-sentence synthesis, one may write the following: The scale parameter s serves 
as a physically interpretable normalization constant that controls the behavior of the 

positive-regime transformation, replacing ad hoc numerical corrections with a meaningful 

concentration reference. 

Definition 13 (asinh function, exact definition) 

For any real u, the following can be written: 

( ) ( )2asinh ln 1u u u= + +         (16) 
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This is defined for u = 0 because: 

( ) ( ) ( )asinh 0 ln 0 0 1 ln 1 0= + + = =         (17) 

Definition 14 (positive-regime transformed variable) 

For positive concentrations, we define the following: 

( )
( )in

asinh
C t

y t
s

+
 

=  
  

        (18) 

The variable y+(t) is defined only for the positive sediment transport regime, i.e. for 

observations such that Cin(t) > 0, as indicated in Eq. (8). The superscript “+” explicitly 

indicates that this variable is defined exclusively on the positive-sediment regime, and is 

not used when sediment concentration is zero. From the physical meaning point view, 

y+(t) represents a dimensionless, transformed measure of sediment transport intensity 

during periods of active sediment mobilization. It is not a direct physical quantity, but 

rather a mathematical representation of suspended sediment concentration designed to 

preserve physical interpretability while enabling stable and predictive modeling.  

More specifically, it is worth noting the following: 

y+(t)  

(1) quantifies the relative magnitude of suspended sediment concentration with respect to 

a physically meaningful reference scale s. 

(2) It encodes sediment intensity in a form that remains well-defined, smooth, and 

continuous over the entire positive range of concentrations. 

(3) It enables additive modeling of sediment dynamics without violating the underlying 

physics of sediment transport. 

In one-sentence synthesis, the variable y+(t) is a dimensionless, transformed 

representation of inflow suspended sediment concentration during active transport 
conditions, designed to preserve physical interpretability, eliminate numerical 

indeterminacy at zero, and enable stable predictive modeling within the positive sediment 

regime. 

Unlike the classical model expressed by Eq. (1), no ε appears anywhere in Eq. (18). 

The positive-regime model uses the previous transformation which has the following two 

asymptotic regimes:  

(1) For small concentrations, i.e., 

in
C s  
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Thus, Eq. (18) allows writing the following: 

( ) ( )in in
asinh

C Ct t

s s

 
 

  

      (18a) 

Then: 

( )
( )in

C t
y t

s

+                      (18b) 

This is nearly linear behavior. 

(2) For large concentrations, i.e., 

in
C s  

Thus, from Eq. (18), the following can be written: 

( ) ( )in in
2

asinh ln
C Ct t

s s

   
   

 
    

      (18c) 

Then: 

( )
( )in

2
ln

C t
y t

s

+
 

  
 
 

      (18d) 

This is a logarithmic-like behavior. 

Positive-regime mean model 

Definition 15 (positive-regime mean model) 

For this, the following is defined: 

( ) ( )bTt t + = x         (19) 

where b is a parameter vector. 

In essence, μ (t + τ) characterizes the average magnitude of inflow suspended sediment 

concentration expected at the forecast horizon, once sediment transport is present, under 
the prevailing conditions at time t. It represents also the expected value of the transformed 

sediment concentration at the forecast horizon (t + τ), conditional on the positive-transport 

regime and on the hydrometeorological conditions observed at time t. 
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Formally, it can be written as follows: 

( ) ( ) ( )E 0; ( )t y t Z t t   + + = + + = x        (20) 

Positive-regime conditional model 

Definition 16 (positive-regime conditional model) 

We define what follows: 

( ) ( ) ( ) 20, ( ) ;y t Z t t N t    +  + + =  +    
x         (21) 

Meaning: conditioned on being in the positive regime (Z = 0), and the transformed 

variable y+ is modeled as Normal with mean μ and variance σ2. The vertical bar “∣” means 
“given that”. Thus, this above expression reads: “The distribution of y+(t + τ), given that 

sediment is present and given the predictors ( )tx , is normal.” This is crucial as: the 

distribution applies only in the positive regime, and zero events are excluded. 

The symbol: 

( ) 2;N t   +
   

means normal distribution, also called Gaussian distribution. It is not a number and not a 

parameter. It is a probability distribution, i.e. a mathematical object that describes how a 

random variable can vary. 

Definition 17 (variance parameter) 

2 0          (22) 

is the conditional variance of y+ in the positive regime. 

Inverse transform back to concentration 

From Definition 13, the inverse of asinh is sinh. Specifically, if: 

( )
( )in

asinh
C t

y t
s


+

+ 
+ =  

  

         (18) 

This variable y+ is a mathematical representation of concentration used to stabilize 

variability and make modeling tractable. 

Then, the following can be written: 

( )in
sinh

C
y

s

+=         (23) 
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Thus, the following can be derived: 

( )in
sinhC s y+=         (24) 

Governing Eq. 2 for zero probability model 

( ) ( )
in

sinh[ ]C t s t  

+ + = +         (25) 

is the predicted inflow suspended sediment concentration at lead time τ. 

We will set τ =1 day (one-day-ahead forecast), because τ is precisely the “forecast lead 

time”. 

Final predicted concentration (mixture expectation) 

A single point prediction that includes both “zero” and “positive” possibilities is the 

following: 

Governing Equation 3 (final forecast) 

( ) ( ) ( ) ( )in in
in E ( ) 1CC t t t t C t    

 
+ + = + = − + +   

x           (26) 

That is to say: 

( ) ( ) ( )
in

in 1C t t C t   
 

++ = − + +         (26a) 

Eq. (26a) matches the final predictive form of the two-regime (“zero-or-positive”) model 

that the authors derived. This equation is the mixture (probability-weighted) prediction: 

it combines: a model for occurrence (zero vs. positive), and a model for magnitude given 

occurrence. 

One may provide the few following observations: 

( )inC t 


+
 

is the overall (unconditional) predicted inflow suspended sediment concentration at lead 

time τ. 

( ) ( ) ( )rP [ 1 ]t Z t t  + = + = x
, [Eq. (9)] 

is the predicted probability that the concentration is zero at (t + τ), i.e., zero-transport 

regime. 

( ) ( ) ( )r1 P [ 0 ]t Z t t  − + = + = x
, [Eq. (10)] 
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is the predicted probability that sediment transport occurs, i.e., positive regime. 

( )
in

C t 

+ +

 

is the predicted concentration conditional on being in the positive regime, i.e., given the 

following: 

( )in
0C t + 

 

The zero regime contributes 0π, and the positive regime contributes  

in
C 

+ 

 

Note that,  

in
C

+

 

describes sediment intensity when transport is present, whereas  

in
C

 

represents the expected inflow sediment concentration across all hydrological conditions. 
Distinguishing between the two parameters allows the modeling framework to decouple 

the processes governing sediment occurrence from those governing sediment magnitude, 

thereby avoiding the conceptual and numerical ambiguities inherent in single-regime 

formulations. 

Remember that: 

( )inC t 


+
 

represents the model-based estimate of the suspended sediment concentration entering 

the reservoir at the future time (t + τ), conditional on the predictor variables observed or 

inferred at time t. In addition, the previous quantity, e.g.: 

( )inC t 


+
 

which is the model-derived estimate of future inflow suspended sediment concentration, 

must be distinguished from the measured concentration 

( )in
C t +

 

as it constitutes a predictive estimate rather than an observed physical measurement. 



Achour B. & al. / Larhyss Journal, 66 (2026), 31-75 

50 

Positive-regime formulation and choice of scaling parameters 

One can estimate the scale s jointly with the other positive-regime parameters by treating 

s as an unknown model parameter and choosing the value of s that makes the observed 

data most probable under the positive-regime probabilistic model. Below is a fully 

explicit numerical example, no shortcuts in the logic, using the positive-regime model 

and estimating s, b0, b1, and σ2 together. 

We consider only positive transport events, i.e. observations where: 

( )in
0C t + 

 

For those events, we assume: (1) Ci > 0 is the observed inflow sediment concentration 

(positive regime), (2) Pi is the predictor, herein precipitation at time t, (3) τ = 1 day, so 

Ci corresponds to “next-day” concentration. 

Transform (depends on s) 

From Eq. (18), define the following transformed variable (positive regime): 

( ) asinh
i

i

C
y s

s

 
=   

 

      (18e) 

with the following exact definition [Es. (16)]: 

( ) ( )2asinh ln 1u u u= + +         (16) 

Herein, s > 0 (units: kg/m3) is unknown. 

Positive-regime mean model  

Define the following multi-predictor feature vector: 

( )
( )
( )
( )

ant

in

1
P

P

Q

t
t t

t

 
 

=  
 
  

x         (27) 

where Qin(t) is inflow discharge at time t [m3/s]. The leading “1” is included so the model 

can represent a baseline level. 

Before choosing any “linear” form, we acknowledge what is true, allowing writing the 

following: 
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There exists some but generally unknown function G such that: 

( ) ( )Gt t + =   x         (28) 

This is not a choice; it is simply saying: “the conditional mean depends on predictors 

through some relationship.” But G is unknown, so we need an approximating form that: 

(1) is estimable from data, (2) is interpretable, and (3) is stable with limited data. 

There are two standard, fully rational derivation routes. We will give both; they reach the 

same final form. 

Route A (Taylor expansion / local linearization) 

Step A1  

Assume G is smooth (differentiable) in a region of interest. This is a modeling 

assumption; in practice, hydrological response functions are often treated as smooth 

within the range of observed conditions. 

Step A2  

Choose a reference operating point x0 as a typical state, e.g., mean predictors over the 

training set. We do not need its explicit value to derive the form. 

Step A3 

Apply first-order Taylor expansion of G around x0. A first-order Taylor expansion gives 

the following: 

( ) ( ) ( ) ( )00 0

T
G G G+  −x x x x x         (29) 

where 

( )0G x
 

is the gradient vector of partial derivatives evaluated at x0, 

The term  

( ) ( )00

T
G −x x x

 

is the first-order change from x0 to x. 

Step A4 

Rearrange into an intercept plus a weighted sum. So, expand as follows: 

( ) ( ) ( ) ( )00 0 0

T T
G G G G−   +x x x xx x        (30) 
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Now define the following parameters: 

0b : = ( ) ( ) 00 0

T
G G− x x x         (31) 

b : = ( )0G x x        (32) 

Then, Eq. (30) reduces to the following: 

( ) 0b T
G  +x b x         (33) 

Step A5 

Write it explicitly for multiple predictors; so, if: 

ant in
,1, ,

T
P P Q =

 
x               (34) 

then 

0 1 2 3b , b , b , b
T

=   b         (35) 

and Eq. (28) reduces to the following: 

( ) ( ) ( ) ( )ant0 1 2 3 in
t b b P t b P t b Q t +  + + +         (36) 

This is the multi-predictor extension derived as a first-order approximation of an 

unknown smooth mean function. 

Route B (additive effects + parsimony) 

This route is more conceptual but equally rigorous. 

Step B1  

Separate “baseline” and “incremental effects”, so we assert the conditional mean can be 

decomposed as follows: (1) a baseline level when drivers are minimal, and (2) plus 

increments due to each driver. 

Step B2 

Assume each driver contributes approximately linearly on the transformed scale. Because 

y+ is designed to tame nonlinearity, it is reasonable to start with first-order (linear-in-

parameters) contributions. 

Step B3 

The sum contributions is as follows: 

( ) ant in
baseline effect of effect of effect oft P P Q  + + ++ =   (37) 
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and “effect” is represented by a coefficient times the predictor value, yielding the same 

form as Eq. (36), so writing the following: 

( ) ( ) ( ) ( )ant0 1 2 3 in
t b b P t b P t b Q t + = + + +         (36) 

Numerical example 

The following numerical example is designed to provide a complete and transparent 
illustration of the proposed two-regime predictive model for inflow suspended sediment 

concentration. The example demonstrates, step by step, how the final forecast 

( )inC t 


+
 

is obtained by combining (1) the predicted probability of sediment occurrence and (2) the 
predicted sediment concentration conditional on active transport, in accordance with the 

governing predictive Eq. (26a), recalled as follows: 

( ) ( ) ( )
in

in 1C t t C t   
 

++ = − + +         (26a) 

Specifically, the example aims to illustrate how historical observations are used to 

estimate the probability of zero sediment occurrence 

( )t +
 

how the magnitude of sediment concentration during positive transport events  

( )
in

C t 

+ +

 

is modeled and predicted, and how these two components are subsequently combined to 

produce an unconditional prediction of inflow suspended sediment concentration. 

For clarity and reproducibility, the numerical example considers a one-day forecast 

horizon, i.e., τ = 1, and a simplified set of predictor variables. All model parameters are 

estimated explicitly from a small synthetic dataset, and each computational step is shown 

in detail, without approximation or shortcut. 

At the end of the numerical example, the reader is expected to clearly understand how the 

proposed predictive framework translates input data into a final sediment concentration 

forecast, and how the probability-weighted structure of the model naturally accounts for 

both zero-transport and active-transport conditions. 
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Given data 

To keep the arithmetic fully checkable, we use the following data: 

τ = 1 day,  

Feature vector  

( ) ( )1,
T

Pt t=   x [Eq. (7)] 

Scale s = 1 kg/m3 

We provide precipitation at day t and the inflow observed sediment concentration at day 

(t + 1). Table 1 reports n = 6 training samples. 

Table 1: Data used in the numerical example 

Training index i Day ti P(ti) mm/day Observed Cin (ti + 1) kg/m3 

1 1 0 0.0 
2 2 5 1.2 
3 3 10 2.5 
4 4 0 0.0 

5 5 20 4.0 
6 6 15 3.0 

Build the zero indicator Z 

By definition 7 (zero indicator), [Eq. (8)], the following can be written: 

( )
( )

( )
in

in

1, 1 0
1

0, 1 0

i
i

i

C

C

t
Z t

t

 + =
+ = 

+   

So, we get the following Table: 

Table 2: Building the zero indicator 

Training index i Observed Ci (ti + 1) kg/m3 ( )1iZ t +  

1 0.0 1 
2 1.2 0 

3 2.5 0 
4 0.0 1 
5 4.0 0 
6 3.0 0 
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Thus, the number of zeros is as follows: 

( )
1

1 2
n

i
im Z t

=

= + =
 

Estimating the probability π (intercept-only logistic) 

To make the derivation fully explicit and solvable by hand, we choose the following 

simplest logistic model: 

( ) constantt  + = = , and there is no dependence on P. 

This statement refers only to the zero-occurrence (logistic) sub-model, i.e. the model 

governing whether sediment is present or absent. It means that: (1) precipitation P is not 

used to explain the probability of zero sediment, (2) the probability of zero sediment is 

assumed to be constant across all conditions. 

Precipitation is not used in the zero-occurrence model, but it is still required for the 

positive-regime (magnitude) model. The numerical example involves two distinct sub-

models, each with a different role: (1) Zero-occurrence model (logistic part) answering 

the question “Will sediment transport occur at all? the predictor vector is x(t) = [1], 

meaning that precipitation is intentionally excluded herein. This sub-model uses only the 

presence or absence of sediment, not its magnitude; (2) Positive-regime model (sediment 
magnitude) answers a different question: “If sediment transport occurs, how large is the 

sediment concentration”? For this second question, precipitation is physically meaningful 

and necessary, and the model is used as a predictor of sediment intensity. 

Thus, precipitation values are listed in Table 1 because they are required to model 

sediment magnitude in the positive regime, even though they are deliberately excluded 

from the zero-occurrence model, where the probability of zero sediment is assumed 

constant for illustrative purposes. 

In the above illustration, the probability of zero sediment occurrence was assumed to be 

constant, such that π(t + τ) = π, in order to provide a baseline representation independent 

of precipitation. This constant-probability formulation can be viewed as a special case of 

the logistic model in which the linear predictor reduces to an intercept term only. 

The general model of  

( )t +
 

is given by Eq. (11). However, in the present case, one may write the following: 

( ) 0t a + =
 

since it follows directly from defining the predictor vector as [Eq. (7)] with no effect of 

the precipitation P: 
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( )    1, 0 1
T T

t = =x
 

which implies that no hydrometeorological variables, such as precipitation, are assumed 

to influence the probability of zero sediment occurrence. Indeed, this modeling choice 

implies that the occurrence of zero sediment events is characterized by a constant baseline 

probability, rather than being explicitly driven by rainfall intensity or other hydrological 

predictors. Thus, the derived following result: 

( ) 0t a + =
 

arises naturally from the choice of an intercept-only predictor vector, reflecting the 

assumption that precipitation has no explicit effect on the probability of zero sediment 

occurrence in the illustrative example. 

Thus, according to Eq. (14), the following can be written: 

( )
0

0

1
( )

1 exp
a

a
 = =

+ −
 

Likelihood for Bernoulli observations 

Each 

iZ : = ( )1iZ t +  

is Bernoulli with parameter π. The probability mass function is as follows: 

( ) ( )
1

rP 1i iZ i i
z z

z  
−

= = −  

Assuming independence across the index i, the likelihood is as follows: 

( ) ( )
1

1
1

n

i
L i i

z z
  

=

−
= −  

Now, group powers of π and (1 – π) such as writing what follows:  

iz m= , and 

( )1 iz n m− = −  

Thus, on may write the following: 

( ) ( )1
n mmL   
−

= −  

Let’s take the natural log. Thus, the following can be written: 
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( ) ( ) ( ) ( )ln ln ln 1L m n m   = = + − −
 

Now, differentiate with respect to π. The following is derived: 

1

d m n m

d  

−
= −

−
 

Let’s set derivative to zero for maximum likelihood; thus, the following is written: 

0
1

m n m

 

−
− =

−
 

Thus, the following can be written: 

( ) ( )

( )

1
0

1

m n m 

 

− − −
=

−
 

The denominator is positive for 0 < π < 1, so the numerator must be zero such as writing 

the following: 

( ) ( )1 0m n m − − − =
 

Expanding the previous equality yields the following: 

0m m n m  − − + =
 

As the − mπ and + mπ cancel, the following can be written: 

2 1
0.333333...

6 3

m

n



= == =
 

Therefore, the following can be written: 

2
0.666666...

3
1

n m

n



=
−

− = =
 

This means explicitly what follows:  

(1) 


is the estimated probability that next-day sediment is zero,  

(2) (1 -


) is the estimated probability that next-day sediment is positive. 

This result is statistically exact under the Bernoulli modeling assumption adopted for 

sediment occurrence. 
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In other words, one may state the following:  

1 / 3


=
 

is the maximum-likelihood estimate of the probability of zero sediment; it represents the 

empirical probability of zero sediment occurrence in the sample used for the numerical 

example. Out of the n = 6 observed cases, exactly m = 2 correspond to zero suspended 

sediment concentration, while 4 cases correspond to positive sediment transport. 

On the other side, the following can be written: From a physical standpoint, the result 

below 

2 / 31 


− =
 

indicates that, in the considered dataset, sediment transport is active most of the time, but 

not permanently. This is fully consistent with the intermittent and event-driven nature of 

sediment dynamics, where transport occurs during sufficiently energetic hydrological 
conditions and vanishes during quiescent periods. Conversely, 

1 / 3


=
 

quantifies the non-negligible frequency of zero-transport conditions, which classical log-

scale models are unable to represent explicitly without ad hoc numerical corrections. 

Moreover, the key point lies in the fact that the previous numerical values have a strong 

implication for the predicted model. Indeed, they have a direct and transparent role in the 

final predictive model expressed by Eq. (26a), recalled as follows: 

( ) ( ) ( )
in

in 1C t t C t   
 

+ 
+ = − + +  

      (26a) 

This means the following: (1) the model does not always predict sediment, even when the 
positive-regime model yields a positive value; and (2) the predicted sediment 

concentration is explicitly down-weighted by the probability of occurrence. 

In this considered numerical example, the predicted magnitude from the positive regime 

is reduced by a factor 2/3, reflecting the fact that sediment transport does not occur 

systematically. 

These probability values illustrate a fundamental advantage of the proposed two-regime 

framework: (1) The occurrence probability π is estimated from data, not imposed; (2) 

Zero-transport events are treated as a structural regime, not as numerical anomalies; and 

(3) The final prediction is a probability-weighted expectation, not a blind extrapolation. 

Classical models implicitly assume 1 – π = 1, meaning that sediment is always present, 

which is contradicted by the previous empirical result, i.e.: 
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1 / 3


=
 

It is important to emphasize that: (1) the dataset is intentionally small and illustrative, (2) 

the values 1/3 and 2/3 are not meant to be universal, but demonstrative, (3) they show that 

the model behaves correctly even with limited data. 

In larger datasets, π^ would naturally converge toward the long-term frequency of zero 

sediment events, making the framework even more robust. 

Furthermore, the estimated probabilities  

1 / 3


= and 2 / 31 


− =   

demonstrate that zero and active sediment transport regimes coexist in the observed data, 

thereby justifying the probabilistic two-regime formulation and highlighting the 

limitations of classical single-regime sediment models. 

Positive regime data and transform y+ 

Positive cases are those with the following: 

( )in
1 0iC t + 

 

where indices are (Table 2): i = 2, 3, 5, 6, corresponding to the following: 

( )1 0iZ t + =
 

Let’s set the scale s = 1 kg/m3. For each positive case, and according to Eqs. (16) and 

(18e), compute the following: 

( ) ( )2asinh ln 1i i i iC C Cy+ = = + +
 

Computing each y+ explicitly in accordance with the previous formula yield the Table 3 

below: 

Table 3: Values of y+ 

i Ci y+ 

2 1.2 1.01597313 

3 2.5 1.64723115 

5 4 2.09471255 

6 3 1.81844646 
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In addition, the positive-regime dataset is as reported in Table 4 below: 

Table 4: Positive-regime dataset 

Case 
P(t)  

mm/day 

Cin (t + 1) 

kg/m3 
y+ = asinh (C) 

A 5 1.2 1.01597313 

B 10 2.5 1.64723115 

C 20 4 2.09471255 

D 15 3 1.81844646 

 

Fit the positive-regime mean model by least squares 

For a “positive case”, let’s adopt the index j that means an observation such as follows: 

( )in
0jC t + 

 

For such a case, according to Eq. (18), we define the transformed response 

( )in
asinh

j

j

C t
y

s


+

 +
 =
 
   

According to Eq. (36), we define the conditional mean of the transformed variable under 

the positive regime by the following: 

( ) ( )0 1j j jt b b P t  = + = +
 

For compactness we adopt the following: 

( ):j jP P t=
 

Hence, the following can be written: 

0 1j jb b P = +
 

In addition, we assume that, given predictors and given positive regime, what follows: 

( ) ( )2
in

0, ;j j j jCy t P N  +  +  
 
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When the example says: For each positive case j, prediction is as follows: 

0 1j jy b b P


= +
 

it is referring to the point prediction of the following transformed variable: jy+ . 

A point prediction must be a single number. In probabilistic modeling, the most standard 

point prediction is the conditional expected value because it is optimal under squared-

error loss. So, we define the point predictor as follows: 

( )in
: E 0,j j j jCy y t P


+ = + 

   

We start from the previous conditional model which recalled as follows: 

( ) ( )2
in

0, ;j j j jCy t P N  +  +  
 

 

A basic property of a normal distribution is as follows: 

If: 

( )2;Y N  
, then 

 E Y =
 

Let’s apply this to the conditional distribution of  

jy+
 

Since conditionally it is normal with mean  

j
 

we have the following: 

( )in
E 0,j j j jCy t P + +  =
   

However, previously, we defined the following: 

0 1j jb b P = +
 

Therefore, one may write what follows: 

( ) 0 1in
E 0,j j j j j jCy y t P b b P 


+ = +  = = +

   
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Thus, for each positive case j, prediction is as follows: 

0 1j jy b b P

+ = +

 

Build the design matrix X and target vector y 

There are n+ = 4 positive samples. 

Design matrix X has one row per sample and one column per parameter: first column is 

1 (for b0), and second column is P (for b1). Thus, the following can be written: 

1 5
1 10
1 20
1 15

X

 
 =
 
    

Target vector y is the list of observed y+ values reported in Table 4. Thus, the following 

can be written: 

1.01597313
1.64723115
2.09471255
1.81844646

y

 
 =
 
    

Least squares objective 

The residual vector is as follows: 

y X br = −
 

where 

0

1

b
b

b

 
=  
   

Let’s J(b) denotes the objective function, that is, a scalar-valued function that measures 

how well a given parameter vector b explains the observed data. In other words: b is the 
decision variable, i.e., the parameters we want to estimate, and J(b) quantifies the misfit, 

or, equivalently, the lack of agreement, between model predictions and observations. The 

goal of estimation is to find the value of b that optimizes (usually minimizes) this 

function. 

Thus, the least-squares objective function is defined as follows: 

( ) ( ) ( )
TT

X XJ r r y b y b= = − −b
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which represents the sum of squared residuals over all positive-regime observations.  

Minimizing J(b) yields the parameter vector linked to b that provides the best fit to the 

data in the sense of minimizing the total quadratic prediction error on the transformed 

scale. This estimation procedure is employed only at the parameter-calibration stage of 

the positive-regime model and does not intervene in the derivation of the governing 

predictive equations. Under the assumption that the conditional errors in the positive 

regime are independent and normally distributed with constant variance, minimization of 

the least-squares objective is equivalent to maximum likelihood estimation. 

Consequently, the least-squares criterion provides both a statistically optimal and 

computationally efficient means of estimating model coefficients once the probabilistic 

two-regime structure has been established. 

Minimizing J(b) gives the following normal equation: 

T T
X X Xb y=

 

Now, let’s compute these entry by entry, such as the following can be written: 

(1) Compute 
T

X X  

( )

( )

2

2

1

1

1
T

P
X X

P P





 
=  
  

 

 
 

Compute sums as follows: 

21 4=  

5 10 20 15 50P = + + + =  

2 2 2 22
5 10 20 15 25 100 400 225 750P + + + = + + + ==  

Thus: 

4 50

50 750

T
X X

 
=  
   

(2) Compute 
T

X y  

( )
T

y
X

P y
y





 
=  
   

with 

1.01597313 1.64723115 2.09471255 1.81844646 6.5763632y + + + ==  
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( )P y  

- 1.01597313 5.07986555 =  

- 1.64723115 16.47231110 =  

- 2.09471255 41.89425020 =  

- 1.81844646 27.276697515 =  

Thus, the sum is as follows: 

( ) 5.0798655 16.472311 41.894250 27.2766975 90.723124P y + + + ==
 

Then, the following can be written: 

( )

6.5763632

90.723124

T
y

X
P y

y




   
= =   

    

Solve exactly the following: 

( )T T
X X Xb y=

 

Thus: 

0

1 .

4

3

50

50

6.5763632

90 77 2 450 12

b

b

    
=    

      

This is the following system: 

0 1 6.57636324 50b b+ =
 

0 1 45 90 20 75 7 10 . 23b b+ =
 

It is easy to derive that the final result is as follows: 

0 0.7922324b =
, 1 0.068148672b =

 

So, the fitted positive-regime mean model is as follows: 

( ) ( )0.7922324 0.0681486721t P t ++ =
 

Final prediction for a new day 

Assume today is day t and precipitation is as follows: 
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( ) 8mm /dayP t =
 

Step 1: zero probability prediction (intercept-only) 

Earlier, we estimated the following: 

1

3



= , and 
2

3
1 



− =  

Step 2: positive-regime mean  

( ) 0.7922324 0.068148672 8 1.33742201t +  =+ =
 

Step 3: positive-regime concentration  

We used s = 1, and τ = 1 day, so, from Eq. (25), the following can be written: 

( ) ( ) ( )
in

1.33742201 sinh 1 sinhC t t

+ + = + =    

By definition, one may write the following: 

( )sinh
2

u u

u
e e−−

=
 

For u = 1.3374220 , the final result is as follows: 

( )1.3374220 1.7736sinh =
 

Thus: 

( ) 3

in
1.77361 kg/mC t


+ + =

 

Step 4: final mixture prediction  

( ) ( )
in

in
2

1.7736
3

1 1 1C t C t
 

+ 
 

+ = − + = 
   

The final result is as follows: 

( ) 3
in 1.18241 kg/mC t



+ 
 

Thus, one may conclude the following: 

(1) The model predicts the following target, directly, with τ = 1 day: 
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( )inC t 


+
 

(2) It replaces the classical log + epsilon idea by explicitly modeling two physically 

distinct regimes: 

(2.1) zero regime with probability π, 

(2.2) positive regime with probability (1 – π). 

(3) It avoids ln (0) without any ε by using the asinh transform, which is defined at zero. 

(4) The final prediction is the following probability-weighted, derived from Eqs. (25) and 

(26a): 

( ) ( ) ( )in 1 sinh[ ]C t t s t    
  

+ = − + +    

It can be also simply written in the following form: 

( ) ( )in in1C t C t  
  

+ = − + 
   

This form makes the following interpretation explicit: 

4.1. If  




= 1 

sediment never occurs → predicted concentration is zero, 

4.2. If 




= 0 

sediment always occurs → prediction reduces to the positive-regime model, 

4.3. If 

0 <


< 1 

sediment occurs intermittently → prediction is a probability-weighted expectation. 

(5) 


= Probability of zero sediment concentration, which can be mathematically written 

as follows: 

( )in
0iC t 



 
 

= + =
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It quantifies the frequency of hydrologically inactive or sediment-free periods.  

1 
 

− = 
 

Probability of positive sediment concentration (sediment occurrence), 

which can be translated in the following mathematical form: 

( )in
1 0iC t 



 
 

 
− = +  

   

It quantifies the frequency of sediment-producing conditions. 

This separation reflects the intermittent nature of sediment transport, which classical log-

scale or rating-curve models cannot represent explicitly. 

The above definition follows directly from the two-regime structure of the predictive 

model: (1) Zero-sediment regime, representing periods with no suspended sediment 

transport (quiescent or baseflow conditions), (2) Positive-sediment regime, representing 

periods of active sediment transport driven by hydrological forcing. 

(6) The Bernoulli variable governing regime selection is defined as follows: 

( )
( )

( )

in

in

1, 0

0, 0

C

C

t
Z t

t






+ =
+ = 

+   

with 

 0Z = =
, and 

 1 1Z = −=
 

Physical consistency and predictive superiority of the proposed two-regime 

sediment modeling framework 

Accurate prediction of inflow suspended sediment concentration remains a challenging 

problem due to the inherently intermittent and event-driven nature of sediment transport 

processes. Traditional modeling approaches, whether based on log-transformed 

regressions, empirical rating curves, or standard time-series techniques, often rely on 

mathematical constructs that do not fully reflect the underlying physical mechanisms. In 

particular, the widespread use of logarithmic transformations with arbitrary offset 

parameters introduces conceptual inconsistencies and numerical artifacts, especially in 

the presence of zero or near-zero sediment concentrations. This highlights a fundamental 

mismatch between model formulation and physical reality, where periods of no transport 

and active transport are treated within a single continuous framework. 

In response to this limitation, the present work introduces a fundamentally different 

modeling perspective grounded in the explicit recognition of two distinct sediment 

transport regimes. By separating the occurrence of sediment transport from its magnitude, 

the proposed framework aligns the mathematical structure of the model with the physical 
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behavior of the system. This leads to a probabilistic formulation that is both analytically 

rigorous and physically interpretable, avoiding ad hoc numerical corrections and 

providing a direct prediction of the quantity of interest. The following discussion aims to 

clarify the conceptual foundations of this approach, emphasize its methodological 

significance, and position it within the broader context of predictive modeling in hydro-

sedimentology. 

Nature of the model: A fundamental departure from classical approaches 

The model developed in this study does not constitute a mere statistical variant among 

existing approaches such as ARIMA models, Markov chains, or Kalman filters; rather, it 

is founded on a structural reformulation of the underlying physical problem. Indeed, the 
classical literature largely relies on transformations of the form log (C + ε), where ε is an 

arbitrary parameter introduced solely to circumvent the mathematical indeterminacy at 

zero, without any physical meaning. As rigorously demonstrated in this work, ε has no 

hydraulic or sedimentological interpretation, introduces systematic bias, particularly at 

low concentrations, and obscures a fundamental physical reality: the existence of two 

distinct regimes, namely the absence and the presence of sediment transport. 

Consequently, the proposed model does not aim to refine or adjust an existing regression 

framework, but rather to resolve a foundational conceptual inconsistency inherent in 

conventional approaches. 

Main contribution: explicit separation of physical mechanisms 

The central contribution of this work lies in the recognition that suspended sediment 
concentration time series do not constitute a single continuous process, but rather a two-

regime system: a zero-transport regime, corresponding to the physical absence of 

sediment, and an active-transport regime, associated with genuine erosion and transport 

processes. This distinction is grounded in physical reality and not merely in statistical 

convenience. Consequently, conventional approaches such as ARIMA models or Markov 

chains implicitly describe a single continuous dynamic, whereas the proposed framework 

introduces a mixed probabilistic structure combining a Bernoulli process for occurrence 

and a conditional model for magnitude. This represents a genuine shift in paradigm, 

moving from empirical time-series formulations toward a probabilistic model explicitly 

governed by the physics of sediment transport. 

Comparison with ARIMA, Kalman, and Markov models 

ARIMA and Kalman-based models inherently assume a continuous signal representation 

and do not explicitly account for zero values as a distinct physical regime. In practice, 

they often rely on transformations such as logarithmic or Box-Cox forms, which 

indirectly reintroduce the difficulties associated with the ε term used to handle zero 

concentrations. While Markov chain approaches are capable of representing discrete 

states, they do not directly yield a predictive law for sediment concentration with a clear 

physical interpretation of magnitude. In contrast, the proposed framework explicitly 
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models sediment occurrence through a probability of transport, separates it from the 

conditional modeling of concentration magnitude, and provides a closed-form predictive 

expectation that remains both mathematically consistent and physically interpretable. 

Model validation 

Regarding the importance of validation using real-world time series, it is useful to 

distinguish between two complementary levels of analysis. 

(a) Fundamental level (Scope of the present work) 

The primary objective of this study is to establish a coherent governing model, eliminate 

mathematical artifacts such as the ε parameter, and introduce a predictive structure 

grounded in physical principles. At this stage, the emphasis is placed on ensuring 
conceptual consistency and mathematical rigor, both of which are rigorously 

demonstrated within the framework of the proposed formulation. 

(b) Applied level (Future work) 

Extensive validation, as highlighted, naturally constitutes a necessary subsequent stage. 

This includes application to long-term datasets across multiple sites, a diversity of 

climatic conditions, and systematic quantitative comparison using performance metrics 

such as RMSE, NSE, log-score, and related criteria. This phase is explicitly identified in 

the study as a key direction for future research and model assessment. 

Key point 

The most essential point is the following: classical models attempt to correct a 

mathematical issue, namely the indeterminacy of log(0), whereas the proposed 
framework recognizes that this is fundamentally a physical problem corresponding to the 

absence of sediment transport. This distinction provides the basis for introducing a 

Bernoulli process to model occurrence and a conditional model to represent transport 

intensity. 

Constructive outlook 

The need to evaluate the model using diverse real-world datasets and to conduct 

systematic comparisons with competing approaches is fully acknowledged. Such 

developments represent a natural continuation of the present work and will provide a 

rigorous basis for quantifying the improvements and added value introduced by the 

proposed formulation. 

Summary statement 

In summary, the proposed model should not be viewed as a mere statistical alternative, 

but rather as a reconstruction of the modeling framework itself, aimed at aligning the 

mathematical formulation with the physical reality of sediment transport processes. 
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Main Findings 

The first major finding of this study is that classical sediment concentration models are 

not predictive by construction. Approaches based on log-transformed sediment 

concentration or empirical rating curves implicitly assume a single continuous regime and 

require arbitrary numerical corrections, such as the introduction of an offset parameter to 

handle zero values. These practices obscure the physical meaning of the modeled variable 

and fail to represent the intermittent nature of sediment transport observed in measured 

time series. 

A second key finding is that suspended sediment concentration time series are inherently 

two-regime processes. Observations clearly demonstrate the coexistence of periods with 
zero sediment transport and periods with active transport. Treating these fundamentally 

different physical states within a single regression framework leads to conceptual 

inconsistency. The explicit introduction of a binary zero indicator allows sediment 

occurrence to be modeled as a distinct process rather than as a numerical anomaly. 

The study further demonstrates that sediment occurrence and sediment magnitude are 

governed by different mechanisms and must be modeled separately. The occurrence of 

sediment transport is naturally described by a Bernoulli process, whose probability can 

be linked to hydrometeorological predictors, while the magnitude of sediment 

concentration, conditional on occurrence, can be described by a continuous model. This 

separation provides a physically meaningful and statistically coherent framework that is 

absent from classical approaches. 

Another important finding concerns the use of the inverse hyperbolic sine (asinh) 

transformation for modeling positive sediment concentrations. Unlike the logarithmic 

transformation, the asinh transformation is exactly defined at zero and does not require 

any artificial offset parameter. It behaves linearly at low concentrations and 

logarithmically at high concentrations, thereby preserving sensitivity near transport 

thresholds while preventing extreme values from dominating the model. This 

transformation yields a stable and physically interpretable representation of sediment 

intensity. 

The proposed two-regime framework leads to a closed-form predictive equation for 

inflow suspended sediment concentration, expressed as a probability-weighted 

expectation that combines sediment occurrence probability and conditional sediment 
magnitude. This formulation directly targets the quantity of interest at a specified lead 

time and avoids back-transformation bias. The predictive structure is transparent and 

grounded in probability theory rather than empirical curve fitting. 

The numerical example confirms the internal consistency and interpretability of the 

model. Estimated probabilities of zero and positive sediment occurrence reflect the 

observed frequency of sediment-free and sediment-active conditions. The resulting 

predictions are naturally moderated by occurrence probability, preventing systematic 

overprediction during periods when sediment transport is unlikely. This behavior 
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contrasts sharply with classical models, which implicitly assume continuous sediment 

presence. 

Finally, the study finds that the proposed framework offers clear advantages for reservoir 

sediment management and forecasting applications. By explicitly predicting both the 

likelihood and magnitude of sediment inflow, the model provides actionable information 

for operational decision-making, sediment routing strategies, and long-term reservoir 

sustainability assessments. The framework is flexible, extensible to multiple predictors, 

and compatible with both data-driven and physically based modeling approaches. 

CONCLUSION 

This study has addressed a long-standing and fundamental limitation in the modeling and 
prediction of inflow suspended sediment concentration to dam reservoirs. Classical 

approaches, whether based on log-transformed regression models or empirical rating 

curves of the form C = aQb, have been shown to be inadequate for predictive purposes, 

as they rely on indirect variable transformations, introduce arbitrary numerical 

corrections, implicitly assume a single continuous regime, and fail to represent the 

intermittent and event-driven nature of sediment transport. In particular, the widespread 

use of logarithmic transformations with an artificial offset parameter ε masks the physical 

distinction between zero-transport and active-transport conditions and leads to bias and 

ambiguity at low concentrations. 

In response to these shortcomings, this paper has developed a new probabilistic two-

regime governing model for predicting inflow suspended sediment concentration. The 
proposed framework is grounded in a clear physical interpretation of sediment dynamics, 

recognizing that measured sediment time series are characterized by two fundamentally 

distinct regimes: a zero or negligible transport regime and a positive, active transport 

regime. Rather than forcing these regimes into a single regression equation, the model 

explicitly separates sediment occurrence from sediment magnitude. 

The zero-transport regime is modeled through a Bernoulli process, whose probability is 

represented by a logistic formulation that maps hydrometeorological predictors into a 

well-defined probability of zero sediment occurrence. Conditional on sediment presence, 

the magnitude of suspended sediment concentration is modeled using a positive-regime 

formulation based on the inverse hyperbolic sine transformation. This transformation 

preserves logarithmic behavior at high concentrations while remaining exactly defined at 
zero, thereby eliminating the need for any arbitrary numerical offset and providing a 

physically interpretable scale parameter. 

A key outcome of the proposed approach is the derivation of a closed-form predictive 

expression for inflow suspended sediment concentration, expressed as a probability-

weighted expectation that combines sediment occurrence and conditional magnitude into 

a single forecast at a specified lead time. All governing equations were derived explicitly, 

and parameter estimation procedures were formulated in a transparent and reproducible 

manner using likelihood-based and least-squares principles. A fully detailed numerical 
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example demonstrated the internal consistency of the model, the interpretation of 

estimated probabilities, and the practical steps required for implementation. 

Compared to classical log-scale models and rating-curve formulations, the proposed two-

regime framework offers several decisive advantages. It directly targets the physical 

quantity of interest, future inflow suspended sediment concentration, rather than an 

intermediate transformed variable; it removes arbitrary tuning parameters and preserves 

dimensional consistency; it provides a probabilistic interpretation of sediment 

occurrence; and it naturally accounts for the intermittent nature of sediment transport. By 

decoupling the processes governing sediment occurrence from those governing sediment 

intensity, the model avoids conceptual and numerical artifacts inherent in single-regime 

approaches. 

Beyond its theoretical contribution, the proposed model has direct practical implications 

for reservoir sediment management. By explicitly predicting both the likelihood and 

magnitude of sediment inflow at a given forecast horizon, the framework provides a 

sound basis for anticipating sediment pulses, optimizing sediment routing operations, and 

supporting operational decision-making in dam reservoirs, particularly in arid and semi-

arid regions where sedimentation remains a critical concern. 

Future work may extend the proposed framework by incorporating additional 

hydrological predictors, exploring spatial variability, coupling the model with physically 

based runoff and erosion modules, and validating its performance on long-term observed 

datasets across diverse climatic and geomorphological contexts. Nevertheless, the present 
study establishes a robust, physically consistent, and predictive alternative to classical 

sediment concentration models and provides a new foundation for probabilistic sediment 

forecasting in reservoir systems. 
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